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1.

-

-

-

Hilbert

1.1 
1.1.1 

-

G. Candor  -

-

{ } -

-

x A x -

A x . -

A .
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= 1, 2, 5, 7, 9{ } -

5 A, 12 A.

 

B = , , , , , ,{ }.

, .

1.1.2 

  -

= 1, 3, 5, 7, 9{ } , = , , , , , ,{ } , -

  

x -

= x /x μ   μ{ } ,

= x /x    { }.

-

-

1.1.3 
x /x  μ  μ   8{ } -

{ }
.

= { }. 0{ } , 0.

1.1.4 

= 0, 2, 4, 6, 8{ } , = 0, 1, 2, 3, 4, 5, 6, 7, 8, 9{ }.
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-

 

A B  

x ( ) x , A B,

 

1, 2, 3{ } = 2, 1, 3{ }.

A B B A.

A = B, A B B A.

A B B A, A = B.

A B B A -

 

B A B( ) , -

( ) , -

( ). A B B , A .

 A = 1, 2, 3{ } , B = 0, 1, 2, 3{ }
= 0, 1, 2, 3, 4, 5{ } , A B, B , A .

1.1.5 
-

= x : x x{ }.
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= 1, 3, 5, 7{ } , = , 3, 5, ,{ } = 3, 5{ }. -

= x : x x{ }.

= 1, 3, 5, 7{ } = , 3, 5, ,{ } = 1, , 3, 5, 7, ,{ }.
-

. -

, -

= x : x x{ }.

= , , , , 1, 2{ } , = , , , 2{ } = 1,{ }.

= = .

1.1.6

-

= , , ,{ } , = , , ,{ }
, , , . . -

= , ,{ } , = , ,{ } , = , , μ{ } ,… ,  

… , … , μ …

 



B B A
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   -

 -

 

 

1.  

2. 3

3.   -

 
   

-

-
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1.2.1 
 

i. 

p q p q. -

p q p q

p q
p q

ii. 

p q p q. -

p q p q

p q -

p, q p q

p q p q.

p q   

. 

p q p q

p q
p q
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-

p q,

p q  1 = 1 1 = 1( )
( ) ,

1 = 1 2 +1 = 2 +1( ) ( ) ,
1 = 1 1

2 = 1( )2

1 = 1( ) ( ) ,
1 = 1 1

3 = 1( )3

1 = 1( ) ( ).

iv. 
p q p q. p

p -

q  p
q p q p q,

p q p q

v. )
p p,

p p
 

p p = p.

vi.

  p = , , , ...{ } ,

, , , ...

  
-

-

-



p
1
,

2
,

3
, … ,( ) 1

,
2
,

3
, … , -

  

p p

p p  p p  

  

p p -

p p  p p  

vii.

P
1
,

2
, … ,( ) , Q

1
,

2
, … ,( ) ,

1
,

2
, … ,

1
,

2
, … , P, Q

P Q.

i) p q( ) p q( ) , ii) p q( ) p q( ) , iii) p q( ) p q( ).
i

ii iii
( ) = , ( ) = .

p q q
 

p q
 

p q p q
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p q p  q  p q   p q   p q p q  

p q p  q  p q p q  q p  

= { }
= { }
= ,{ }
= μ, ,{ } -

-

, A, B, , …

= 0, 1, 2, 3, … , , +1, …{ }.

 

* = 1, 2, 3, … , , +1, …{ }. = *U 0{ }.

1.3.1 
= { }

= { }
{ } -



-

0 < 1

,{ }

1 < 2. 0 < 1 < 2 < 3 <…< < +1 <… -

2 = 1+1

3 = 1+1+1 = 2 +1,

-

< < , < -

B -

-

< < .

-

A = < > , -

1.3.2 *( )
*
,

> 1

5 = 1+1+1+1+1.

= 1+1+…+1 ,

* +1

1.3.3 

  

0

= 1, 2, … ,
0{ } ,

0
,

1
= 1{ } ,

2
= 1, 2{ } ,

5
= 1, 2, 3, 4, 5{ }

-
*
,

 

*
.
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A = , =

,
*
, -

1.3.4 
=

= =
= = , =

= = , ii) ( ) < .

1.3.5 ( )
x

+ x = x
 

x
( ) .

x
0

+ x
0
= , x

0
.

5+ x = 12, , 7 5+ 7 = 12( ).

,

5x = 7 + y
x = 2 y = 3, 5 2 = 7 + 3. -

x = 3 y = 8, 5 3 = 7 + 8. -

x + y = (3)

x
0
, y

0( ) , -

x
0
+ y

0
= .

1.3.6 

. -

, x
0

-

x + = . x
0
+ = x

0
=

< ,
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x = x = + ,

ii) x = x = ( ).

1.4 
-

-

, , . -

+
+,

. +

30°C +30°C,

3°C 3°C.

1.4.1 

= … , +1( ) , , … , 2, 1, 0, 1, 2, … , , +1, …{ }.

.

+ -

…< + 1( ) < <… 2 < 1 < 0 < 1 < 2 <…< < +1 <…

-

-
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x
0

-

x + = . x
0
+ = x

0
=

i) x = x = + x = x =

-

-

±( ) = ± ,

2x 2y = 2 x y( ).
y + 2 x + 4( ) 3 y 7( ) , x y = 0.

y + 2 x + 4( ) 3 y 7( ) = y + 2x + 8 3y + 21 =
= 2x 2y + 29 = 2 x y( ) + 29 = 29.

1.4.2 
( ). -

,

0 = 0, +5 = 5, 5 = 5,

0 , = 0. -

=
, > 0

0, = 0

, < 0

. 0,

0, -

= .

-

 

-

,

, = ,

, ± +

, ± + .
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1.4.3 
2. ,( ) ,

= … .

0 = 1 0( ) , 1 = 1. -

0
0

2
0,

, = ,
2 = 2 = 2

0.

1.4.4 
μ = μ+

μ( ) = μ

1.4.5  

-

+( )2 = 2 + 2 + 2
,

( )2 = 2
2 + 2

,

+( ) ( ) = 2 2
,

+( )3 = 3 + 3
2 + 3

2 + 3
,

( )3 = 3
3

2 + 3
2 3

,

3 + 3 = +( ) 2 + 2( ) ,
3 3 = ( ) 2 + + 2( ) ,

Euler)
3 + 3 + 3

3 = + +( ) 2 + 2 + 2( ) ,
3 + 3 + 3

3 = 1

2
+ +( ) ( )2 + ( )2 + ( )2

+( )2 = +( ) + +( ) = 2 + + + 2 = 2 + 2 + 2
,

( )2 = ( ) + ( ) = 2 + 2 = 2
2 + 2

,

+( ) ( ) = ( ) + ( ) = 2 + 2 = 2 2

+( )3 = +( ) +( )2 = +( ) 2 + 2 + 2( ) =
2 + 2 + 2( ) + 2 + 2 + 2( ) =

3 + 2
2 + 2 + 2 + 2

2 + 3 = 3 + 3
2 + 3

2 + 3



( )3 = ( ) ( )2 = ( ) 2
2 + 2( ) =

= 2
2 + 2( ) 2

2 + 2( ) =
3

2
2 + 2 2 + 2

2 3 = 3
3

2 + 3
2 3

+( ) 2 + 2( ) = 2 + 2( ) + 2 + 2( ) =
3 2 + 2 + 2 2 + 3 = 3 + 3

( ) 2 + + 2( ) = 2 + + 2( ) 2 + + 2( ) =
3 + 2 + 2 2 2 3 = 3 3

Euler + +( ) 2 + 2 + 2( ) =
= 2 + 2 + 2( ) + 2 + 2 + 2( ) +
+ 2 + 2 + 2( ) = 3 + 2 + 2 2 2+
+ 2 + 3 + 2 2 2 =
= 2 + 2 + 3 2 2 = 3 + 3 + 3

3

3 + 3 + 3
3 = + +( ) 2 + 2 + 2( ) =

 
= 1

2
+ +( ) 2

2 + 2
2 + 2

2
2 2 2( ) =   

 = 1

2
+ +( ) 2

2 + 2 + 2
2 + 2 + 2

2 + 2( ) =  

= 1

2
+ +( ) ( )2 + ( )2 + ( )2

1.4.6 ( )

|

= . . -

= = .

2 | 6, 2 3 = 6,
6

2
= 3

6

3
= 2.

 

( ) = .  

1.4.7 
  0 = 0
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  0 | x,

x x = 0 x = 0.

| ,

< , = 0.

 1, 1, , .

 ,

 | , | ,

 , 0, | | , = = .

| , = , | , = .

= = 1. = = 1, = = 1. = = 1,

= , = = 1, = .

 | 0, .

 | | , | + , .

 | | + , | .

| , = . | + ,

+ = μ.

= ,

+ = μ = μ = μ( ) | .

1.5 
  

-

= 1 = 1 = = .

3, 2, 2, 3, 5, 11, 13, 17, …

  
1, 1,

9, 6, 4, 4, 6, 8, 21.
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1.5.1 

  . 

1.6 
= 243, = 12. 12 < 243.

243 = 12 20 + 3.   

 
0,

 
-

= + 0 < 0 1,

1, 2, 3, … , 1. -

     

  

 

*
,

-

0, 1, 2, … , 1.   

-

0[ ], 0[ ] = x / x ={ }.

   

1[ ], 1[ ] = x / x = +1{ }.

1[ ] = x / x = + 1{ }.  

-

 

= 0[ ] 1[ ] 2[ ] ... 1[ ].  

0 = 0.   

 
1 = 2 0 +1.  

 



0[ ] = x / x = 2{ } , 1[ ] = x / x = 2 +1{ }.

0[ ] = … 2 , 2 + 2, … , 2, 0, 2, … , 2 2, 2 , ...{ }
1[ ] = … , 2 +1, 2 + 3, … , 1, 1, … , 2 +1, 2 + 3, …{ }.

0[ ] 1[ ] = .

x = 2

x = 2 +1 x = 2 1,

2, 3, 5, 7, 11, 13, 17, …{ }. -

-

-

1.6.1 

= + , = 0, 1, 2, … , 1.

= + , = 0, 1, 2, … , 1,  

| | , | . -

| ,

= . | , -

= . = + ,

= + = ( ) = , | .

2.  = + , = 0, 1, 2, … , 1,  -

| | , | 1

 

3.  0,
 

-

 

= , . -

=
2
+ =

2
+ .

=
1 2

=
1 2( ) , | .
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2 10 2 35 25.
 

1 ( 35 = 2 17 +1). -

1 (  25 = 2 12 +1). -

 
= .

=
1
+

1
, =

2
+

2
, 0

1
,

2
< .

=
1 2( ) +

1 2
=

1 2( ) +
1 2

|
1 2

,

0
1
,

2
< .

0
1 2

< ,

0
2 1 2 1 2

< .
 

|
1 2 2 1

,
 

1 2
= 0

1
=

2
.  

4.  , 
 

,( ) = , -

1
,

1
=

1
=

1
,

1
,

1
( ) = 1.  

,( ) = ,
1
,

1
=

1

=
1

.
1
,

1

,
1
,

1( ) = . -

1
=

2 1
=

2
, =

2
=

2
,

0 < ,

0 < 0 < 1 = 1.

, 
 

,( ) = ,( ) = ,
1
,

1

=
1

, =
1

,
1

,
1

( ) = 1.  

1.7 
1.7.1 = mod( ) mod

 
-

= + = + , μ ,( )



= ( ) = , -

= mod( ) mod .

,

1.7.2 
,

*
. = mod( ) | .

  = mod( ).

= + = + , μ , ,
*

0 < .

= = ( ) μ , ,

| . = mod( ) , | .

  | , -

| = μ , μ . = + , μ 0 < ,

= + μ , μ
= + + μ = + μ( ) + , μ μ, 0 < .

= + μ( ) + , μ μ, 0 < .

= mod( ).

1.7.3 = mod( )
, ,

*
.

= mod( ) | ,

 = mod( ) | , | 0.

  = mod( ) = mod( ).
| | .

  = mod( ) = mod( ) , = mod( ).
= mod( ) | = mod( ) | ,

| ( ) + ( ) | = mod( ).

1.7.4 
= mod( ) = mod( ) ,

+ = + mod( ) , = mod( ) = mod( ).
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= mod( ) = mod( ) | | =
= , , .

( ) + ( ) = + = +( ) , + + = + mod( ).
( ) ( ) = = ( ) , μ

( ) ( ) = = ( ) , μ = mod( ).
= mod( ) , -

= = , , , -

= = , , .

= + = +( ) ,

+ = mod( ).
-

15 = 10 mod 5( ) , 3 = 2 mod 5( ) 3 2 5.

-

= mod( ) , = mod( ) , .

= 10 +
1
10

1 + ...+
1
10

1 +
0
10

0

0
= 10 +

1
10

1 +…+
1
10 = 10

1 +
1
10

2 +…+
1( )10 = 10.

=
0

mod 10( ).

x 0, 1, 2, 3, 4, 5, 6, 7, 8, 9{ } = x mod 10( ).

x 0, 1, 2, … , 10 1{ } = x mod 10( ).

= mod 9( ).
= 10 +

1
10

1 +…+
1
10

1 +
0
10

0
-

,

9 | = +
1
+…+

1
+

0
.



1.7.5 

= mod μ( ) = mod
μ
, μ( ) , ,

*
. 

= mod μ( ) μ | ( ) .

μ = μ
1

, μ( ) =
1

, μ( ) , 1
, μ

1( ) = 1.

μ | ( ) ,

μ
1

, μ( ) | ( ) 1
, μ( ) μ

1
| ( ) 1

μ
1

|
μ
, μ( ) | .

= mod
μ
, μ( )

μ
, μ( ) | μ | ( ) , μ( ) μ | ( ) , μ( ) ,

μ | ( ) , μ( ) 1
= mod μ( ).

1.7.6 
x = mod( ) (1) ,

, , 0. x
0

x
0

 
x x

0

x -

x
0

x
0
, -

1, 2, … , 1{ }. x = + , 0 <
x = , 0 < -

1, 2, … , 1{ } -

x = mod( )
. ,( ) |( ).

,( ) ,
= x

0
+

,( ) , = 0, 1, … , ,( ) 1( ). x
0
,

x
0
= ( ) 1

mod( ). ( ) ,



 

1. 3x = 5 mod 9( ).

3x = 5 mod 9( ) 3, 9( ) = 3,

2. 15x = 6 mod 21( ).

15, 21( ) = 3 3 | 6,

15, 21( ) = 3,

= x
0
+ 21

3
= x

0
+ 7 , μ = 0, 1, 2.

x
0
. 15x = 6 mod 21( ) -

5x = 2 mod 7( ) ,
x

0
= 5

(7) 1
2 mod 7( ) = 5

5
2 mod 7( ) = 6 mod 7( ) , 5

5
2 = 7 892 + 6.

x
0
= 6 mod 21( ).

1
= 6 mod 21( ) + 7 0 = 6 mod 21( ) , 2

= 6 mod 21( ) + 7 1 = 13 mod 21( ) ,
3
= 6 mod 21( ) + 7 2 = 20 mod 21( ).

1.7.7 
,( ) = 1,

1 = 1 mod( ).

3
2015

: 7.

 

 

1 mod 7( ) .

3
6 = 729 = 1 mod 7( ). -

2015 : 6, 2015 = 335 6 + 5.

μ 3
6 = 729 = 1 mod 7( )

.2

3
6( )335

= 1
335

mod 7( )
3

2010 = 1 mod 7( )
.1

3
2010

3
5 = 3

5
1 mod 7( ).



3
2010

3
5 = 3

5
1 mod 7( ) 3

2015 = 243 mod 7( ) 3
2015 = 5 mod 7( ) ,

243 = 34 7 + 5. 3
2015

: 7 = 5.

= 3 = 7, ,( ) = 3, 7( ) = 1,

1 = 1 mod( ) , 3
7 1 = 1 mod 7( ) 3

6 = 1 mod 7( )…

1.8   

, .

, ,

,( ) ,( ).

 
,( ) = 1,

-

 

-

6, 9( ) = 3.



 
   , ,( ) = ,

1
,

1
=

1
=

1 1
,

1( ) = 1.

  

 -

,( ) = ,

, = 1.

 

24, 27( ) = 3
24

3
,

27

3
= 8, 9( ) = 1.

 
.

= + . = 0,

,( ) = 1. 0, =
1
+

1
.

1
= 0, ,( ) = ,( ) = .

1
0,

1
. -

=
1 2

+
2
.

2
= 0, ,( ) = ,( ) = ,

1( ) = 1
.

2
0, -

1 2

 

1

108 < 306.

306 = 108 2 + 90, 90 0.

108 = 90 1+18, 18 0. -

90 = 18 5, -

108, 306( ) = 18.



2 | 1( ).
2 1,( ).

2 1,( ) = .

1( ) = 2
| 1( ) | 4

2
4 +1 1 | 2 1( )2 +1

| 2 1 | , | 1 = 1.

 , ,( ) = ,( ) ,( ) = , ,( )( ) = ,( ) ,( ).

 
,( ) = , , ,

= + .

+ , .

+ = + = 1.

,

, :

 

, , 15 + 36 = 15, 36( ).  

36 = 15 2 + 6.

6 = 36 15 2 (1).

15 2 = 30.

15 = 6 2 + 3 3 = 15 6 2,

3 = 15 36 15 2( )2 3 = 15 36 2 15 4( )
3 = 15 36 2 +15 4 3 = 5 15+ 2( )36 (2).

6 = 3 2, -

15, 36( ) = 3, -

= 5, = 2.

2



 
,( ) = 1 | , | .

| , | | .

,( ) = 1, | | , | .

  

=
1

1

2

2

3

3 … ,

1
,

2
,

3
, … ,

1
,

2
,

3
, … ,

2

0 90 2

0 45

0 15

0 5 5

0 1

0

180 = 2
2

3
2

5
1 = 2

2
3

2
5.

-

-

-

 

1. = 2
3

3
2

11
100

13 = 2
3

3
5

5
6

11
100

13
2

23, -

-

= 2
2

3
3

5
2 = 2

3
3

2
5

4
11

10
,

3
3

3
2

12, 16, 24( ) .

12
= 1, 2, 3, 4, 6, 12.

16
= 1, 2, 4, 8, 16.

24
= 1, 2, 4, 6, 8, 12, 24.



. . . 12, 16, 24( ) = 4.

12 : 2 = 6

12 : 3 = 4 . . . 12, 16, 24( ) = 4.

12

12 = 2
2

3, 16 = 2
4
, 24 = 2

3
3.

. . . 12, 16, 24( ) = 2
2 = 4.

-

-

1

. . . 12, 16, 24( ) = 4.



 !( )
!

!= 1 2 3 … , 3!= 1 2 3 = 6.

+ 1( )!= 1 2 3 … +1( ) +1( )!= ! +1( ).
0!= 1!= 1.

1.8.6.1 

2!= 1 2 = 2 -

 

, +1 , +1( ) = .

=
1

+1 =
2

,
1 2 1

,
2( ) = 1.

1 =
2 1( ) | 1 = 1.

 

3! 3!= 1 2 3 = 6( )
, +1, + 2.

= +1( ) + 2( ).
-

= 3 , +1 = 3 +1, + 2 = 3 + 2,

= 3 3 +1( ) 3 + 2( ) , 3 | .

= 3 +1, +1 = 3 + 2, + 2 = 3 + 3 = 3 +1( ) ,
= 3 +1( ) 3 + 2( )3 +1( ) = 3 3 +1( ) 3 + 2( ) +1( ) , 3 | .

= 3 + 2, +1 = 3 + 3 = 3 +1( ) , + 2 = 3 + 4,

= 3 + 2( )3 +1( ) 3 + 4( ) = 3 3 + 2( ) +1( ) 3 + 4( ) , 3 | .

2, 3( ) = 1, 2 | 3 | ,

2 3 | 3! | .

1.8.6.4 

!



 

, 8 1, 8 +1 -

= 2, 8 1 = 15,

2. = 3,

8 1 = 23 8 +1 = 25

, 8 1, > 3. = 8 1( )8 8 +1( )

8 1, 8, , 8 +1, 8 +1 -

 
  

1, 2, 3, … ,

-

12 + 32 = 44,

1.9   

0,

| | , |

| .

-

0,
*

+1
*



,[ ].
-

 

* *( ) ,

0, -

= ,[ ]
= ,[ ] = ,[ ].

0, ,[ ] ,

0, ,[ ] | , -

0,

,[ ] = ,[ ].

0,

,( ) = =
1

, =
1

,
1
,

1( ) = 1,

= ,[ ] =
1

=
1

.

,( ) ,[ ] = .

0, ,( ) ,[ ] = .
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1.10 

, ,
*
.

= = , -

-

.
* = 0{ }. .

-

= ,0

= ,00

 

*
, = 1

,

*
, , μ μ = μ ,

,
*
, = ,

*
, μ,

μ( ) = μ
.

1.10.1 

, , +
*

,
1

1

,

1
,

1( ) = 1. , , +
*

,

,( ) = 1,

,( ) = 1, =
1

, =
1

, ,( ) = 1,

= 1

1

1
=

1 1 1
= 0

1 1( ) = 0

1 1
= 0

1
=

1
= 1

1

.
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1.11 

-

. 

1.11.1 

,

-

= 2 = , > 0.

4 = 2, 2
2 = 4.

25

4
= 5

2
,

5

2

2

= 25

4
.  

4 2, 2( )2 = 4,

2 < 0.  

2 , 3, 26 , 58

= 3,14 …
-

-

-

 

= .

= ,
 

= .
 

+
* ( ) =

 

* = .
 

-

2

( ) ,

-

-

\ .  
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1.11.2 
2

2 -

μ,( ) = 1,

2 = μ
. μ = 2 μ 2 = 2

2
(1). -

μ = 2 +1,

(1) 2 + 1( )2 = 2
2

4
2 + 4 +1 = 2

2
2 | 1,

μ = 2

4
2 = 2

2
2

2 = 2
. -

2

 

 

-

1, , +1, + 2 -

1( ) +1( ) + 2( ) = 2
(1).

(1)
2

1( ) 2 + 2( ) = 2 4 + 2
3 2

2 = 2

4 + 2
3 + 2

2
2

2 = 2 2 +1( )2

2 +1( ) +1 1 = 2

2 + 1( )2

1 = 2
,

2 + 2( )2

< 2 + 1( )2

1 = 2 < 2 + 1( )2

,

1.11.3 

-

> 1( ) .
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x x < +1. 

 x
x[ ]. x[ ] x < x[ ] +1 x 1 < x[ ] x.

x x[ ] x x{ }.

 

, [ ] + [ ] +[ ] [ ] + [ ] +1.  

3x +1

3
+ 2 = x +1

2
(1).

 
x = 2 + 3, , = 3x +1

3
.

x + 1

3
1 < x + 1

3
x + 1

3

x 2

3
< x 3

2

3x +1

3
.

x x = 2 + 3, ,

10

3
< 7

3
, = 3, x = 3.  

, , [ ] [ ] [ ] [ ] [ ].  

[ ] = +[ ] [ ] + [ ] +1.

[ ] [ ] 1 [ ].
[ ] = +[ ] [ ] + [ ], [ ] [ ] [ ].   

1.11.4
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μ = μ
, = , = ,

= ,
μ( ) = μ

,
μ = μ

.

1.11.5 

±
2 = 2

.

+ = +
2

+
2

,

= +
2 2

.

1.11.6 
x +

1
x 1 +…+

0
= 0,

+ ,

.

 

x 2 + x + = 0, 1+ 2 .

, -

1+ 2 , 1 2 .

1+ 2( )2

+ 1+ 2( ) + = 0 (1)

1 2( )2

+ 1 2( ) + = 0 (2).

= 2.

x 2
2x + = 0, 1+ 2( )2

2 1+ 2( ) + = 0 = 1.

x 2
2x 1 = 0,

x
1
= 1+ 2 x

2
= 1 2 .
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μ, +
*

, +
*

μ

= μ
.  

1.11.7 

5 + 2 5( ) = 2, 2 8 = 16 = 4,

+( ) + ( ) = 2 ,

( ) +( ) = ( )2 ( )2

= .

+ = + , , -

= = .

-

-

,( )

+ +( )2 = 2 + 2 + 2 + 2 + 2 + 2

+ +( )3 = 3 + 3 + 3 + 3 +( ) +( ) +( )
+ +( ) +( ) +( ) + +( ) =

= 2
2 2 + 2

2 2 + 2
2 2 4 4 4

x +
1( ) x +

2( ) = x 2 +
1
+

2( ) x +
1 2

,

x +
1( ) x +

2( ) x +
3( ) =

= x 3 +
1
+

2
+

3( ) x 2 +
1 2

+
2 3

+
3 1( ) x +

1 2 3

* +( ) = + 1 +
1( )

2

2 2 +

+
1( ) 2( )
2 3

3 3 +
1( ) 2( ) 3( )

2 3 4

4 4 +

+…+
1( ) … +1( )
2 3 …

+…+



= ( ) 1 + 2 + 3 2 +…+ 1( ) ,
1 = 1( ) 1 + 2 + 3 + ...+1( )

2 2 = +( ) 2 1 2 2 2 + 2 3 3 … 2 1( )
2 1 + 2 1 = +( ) 2 2 2 3 +…+ 2 2( )

* +( ) = +
1!

1 +
1( )

2!

2 2 +
1( ) 2( )
3!

3 3 +

+
1( ) 2( ) 3( )

4!

4 4 +…+
1( ) … + 1( )

!
+…+ .

+ 1( ) = + 1 +
1( )

2!

2 +…+1.

. -

, = .

  
1
,

2
, … ,( ) 1

,
2
, … ,( ) , -

1 2
…

1 2
…

-

2 2

1

2 +
2

2 +…+ 2( ) 1

2 +
2

2 +…+ 2( ) 1 1
+

2 2
+…+( )2 =

= 1 2

1 2

2

+ 1 3

1 3

2

+…+ 1

1

2

+ 2 3

2 3

2

+

+…+ 2

2

2

+ ...+ 1

1

2

.

ii)  , , + + = 0,

+( ) +( ) +( ) = 0,

4 + 4 + 4 = 2
2 2 + 2 2 + 2 2( ) ,
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iii) x, y x + y = 1, 2 x + y + xy( )2 = x 4 + y 4 +1.

iv) , , , x, y, z *

2

x
=

2

y
=

2

z
0,

x 2 yz = y 2 zx = z 2 xy
.

 

1+ 2 + 3+…+ =
+1( )

2
,

x +1( )2 = x 2 + 2x +1

1
2 + 2

2 + 3
2 +…+ 2 =

+1( ) 2 +1( )
6

, -

x +1( )3 = x 3 + 3x 2 + 3x + 1

1
3 + 2

3 + 3
3 +…+ 3 =

+1( )
2

2

=
2 +1( )2

4
,

x +1( )4 = x 4 + 4x 3 + 6x 2 + 4x +1

  
1
,

2
, … ,

1 2
… = 1,

1
+

2
+…+ .

= 2 = 3).

 
1
,

2
, … ,

1
+

2
+…+

1 2
…

1

1

+ 1

2

+…+ 1
.

1
,

2
, … , ,

= 2).

 1 < , 0 0 < μ < 1, 1+( ) μ < 1+ μ .

 B-C-S

1
,

2
, … , ,

1
,

2
, … , ,

1

2 +
2

2 +…+ 2( ) 1

2 +
2

2 +…+ 2( ) 1 1
+

2 2
+…+( )2

.

i = i , i = 1, 2, … , ,

i 0, i = 1, 2, … , ,
1

1

= 2

2

=…= .

)



 

1
,

2
, … ,{ } 1

,
2
, … ,{ }.

+ = 1.

1
+

2
+…+( ) 1

+
2
+…+( ) 1 1

+
2 2

+…+ .

 
1 2

… ,
1 2

… ,

1 1
+

2 2
+…+( ) 1

+
2
+…+( ) 1

+
2
+…+( ).

 > 0, , , 0,

( ) ( ) + ( ) ( ) + ( ) ( ) 0.

-

= 0, , , 0,
3 + 3 + 3 + 3 =

= +( ) + +( ) + +( ).
( ) ( ) + ( ) ( ) + ( ) ( ) 0

, , .

viii)  

,

.

  

,

.

1.14 

2 ,

2

= 0 2
0 = 1, = 1 2

1 = 1, = 2

2
2 = 4, … = 2 , -

0
= 1,

1
= 2,

2
= 2

2 = 4,
3
= 2

3 = 8, … , = 2 , …
= 2

-

1
= 1 +1

= 1+ ,

1
= 1,

2
= 1+1 = 2 ,

3
= 1+ 2 , …
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-

-

= 2
1
= 2,

2
= 4,

3
= 8, …

1 < 2 < 3 <…

1
<

2
<

3
<…

.

-

= 1
 

1
= 1,

2
= 1

2
,

3
= 1

3
,

4
= 1

4
, …  

1.15 

x + y = .

, y( )

x + y = x
0
, y

0( ) , -

x = x
0
+

,( ) , y = y
0

,( ) ,

,( )
x + y = , , , ,( ) = 1,

x
0
, y

0( ) y
0

, = 0, 1, 2, … , 1{ }.

 

 12x +15y = 6 (1).

12, 15( ) = 3  3 | 6.

12, 15( ) = 3 4x + 5y = 2,

4, 5( ) = 1. -

x
0
, y

0( ) 4x + 5y = 2, y

x = 2 5y
4
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y = 2 x = 2.

x
0
, y

0( ) = 2, 2( ) ,
x = 2 + 5 , y = 2 4 , .

1.15.1 x + y =

x + y = , , , ,( ) = 1. -

x
0
, y

0( ) x + y = ,

x = x
0
+ , y = y

0
,

x + y = ,

, , ,( ) = 1, -

x
0
+ 0 y

0
0

x
0

y
0

.

x + y = , , , ,( ) = 1,

x = x
0
+ , y = y

0

x
0

y
0

, .

x + y = , , , ,( ) = 1,

x = x
0
+ , y = y

0
min

x
0

,
y

0
, . -

x
0

y
0

,

 

1.  
;

x y
-

2x + 5y = 30. 2, 5( ) = 1 1 | 30,

x x = 30 5y
2

. y = 0, x = 15.

x
0
, y

0( ) = 15, 0( ).
x = 15+ 5 , y = 0 2

15

5

0

2
, , x = 15+ 5 , y = 2
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3 0 , = 3, 2, 1, 0.

15, 0( ) 10, 2( ) 5, 4( ) 0, 6( ).
15, 0( )

0, 6( ) 10, 2( ) 5, 4( ).

2. xyz,

xyz xyz = zyx, x = z.

x + y + z = 7, x + y + x = 7 2x + y = 7, y = 7 2x.

x
0
= 1 y

0
= 5. -

x = 1+ , y = 5 2 1
5

2
, . -

1, 0, 1, 2. -

x = 1+ y = 5 2 x, y( )
0, 7( ) , 1, 5( ) , 2, 3( ) , 3, 1( ){ }. x y xyz

x = z -

3.  

2

5

3

4

-

x

5x + 10
2

5
x + 20

2

5

3

4
x + 5 40 = 100y,

15x 100y = 200 3x 20y = 40 x = 20y 40

3
.

x
0
= 0, y

0
= 2.

x = 20t, y = 2 3t t min
y

0
,

x
0 = min

2

3
, 0 = 0,

x = 20t, y = 2 3t
t < 0.
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-

100y = 200 100y = 500, y = 2 y = 5. y
y = 2 3t, t = 0 y = 2, t = 1 y = 5.

3x 20y = 40,

x = 20t, y = 2 3t t = 0 t = 1.

x, y( ) x, y( ) = 0, 2( ) x, y( ) = 0, 2( ) x, y( ) = 20, 5( ).
x, y( ) = 0, 2( ) , -

x, y( ) = 20, 5( ) ,
2

5
20 = 3

4

2

5
20 = -

* *( )

-
*
.

μ( ) (1). μ > 1 μ < 1 (2).

-

μ
0
. μ

0

-

( ) < μ
0

μ
0
< ,

μ
0

0,
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, , 

0,

= ,[ ].
 

= ,[ ]
 

»

= ,[ ] = ,[ ].  

, ,
 

0, ,[ ] ,

, . 

*
,( ) | , |( ).

, ,
 

, ,

, ,

= ,[ ].

, ,
 

0, ,[ ] | ,

= ,[ ].
, = + , 0 < . 0 < . ,

 

, , , < .

= 0 = | | .  

, 
 

0

1. = ,[ ] =
1

=
1

.  

2. ,[ ] ,( ) = .  

,( ) = ,( ) = =
1

, =
1

,
1

,
1( ) = 1. 

,[ ] = ,[ ] = ,
 

=
1  

=
2

.
1
,

2( ) = ,
1
=

1
,

2
=

2 1
,

2( ) = 1.  

=
1

=
1

, =
2

=
2

,
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, ,

1 , = 1
1
,

2( ) = 1.

,[ ] = =
1

=
1 1

=
2

=
2 1

,

1 1
=

2 1 1 1
=

2 1
,

1
|

1
,

1
|

1 1
=

1 1
|

2
,

2
|

1 2
=

1
.

= ,[ ] =
1

=
1

.

,[ ] = ,[ ] = 1
=

1 1
= 1 1

,

,[ ] = ,[ ] ,( ) = .

0, ,[ ] = ,[ ].

,[ ] = ,[ ] =
,( ) = ,[ ].

 

-
1751

( ) = 2 10 14 … 4 10( )
1( )! Euler( ).

( ) , *
2( ) = 3( ) = 1

( ) = 1( )( ) 2( )( ) + 2( )( ) 3( )( ) +
+…+ 3( )( ) 2( )( ) + 2( )( ) 1( )( ) , *

\ 1, 2{ }.

-

-
-
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1.01

8 +1,

1.02

x 2 5

1.03

-

1.04

( ) = ( ) ( ) , -

1.05

1.06

-

1.07

3
5



-

A =
2

2

1

2

:

3

2

1.10

x +1

x 2
2x 3

1

x 2
= 0 (1).

1.11
2 + 3 +1( )2

1.

1.12

21

5
< 42 < 21

4

= + 5 4 +( ) + 3 4( ) +1925

1.13

4 < 1 2 < 5,

2 x +1( ) 3

2
x +1( ) < x

.

1.14

17 12 2 + 3 2 2 + 3+ 2 2 = 3.

1.15

x + x 2 +1( ) y + y 2 +1( ) = 1 (1). x + y = 0.

1.16

= ( )3 + ( )3 + ( )3

.

1.17
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+ 2 +
2
= 0 = 10,

= 2 +
2

2

+ 2( )2

.

= 2( )3 + 2( )3 + 2( )3

.

1.20

, ,
*
,

1 + 1 + 1 = ,

= 2 2 +1( ) 2 2 +1( ) 2 2 +1( )
1.21

-

= 3 + 3 + 3
.

1.22

= 2222
5555 + 5555

2222

1.23

An = n3 + 3n 2 + 5n + 3 -

n

1.24

p x
p +1 = 2x 2 p 2 +1 = 2y 2

.

1.25

, , > 0 = 1,

2

+
+

2

+
+

2

+
3

2
.



1.26

= 1,
1

3 +( ) +
1

3 +( ) +
1

3 +( )
3

2
.

(

1.27

55%

7

11

= 3 + 3
2 + 2 +1

= 3
2 + 3 1

,
+
2

+

(1).

1.30

3
4 +1 +1, μ

*
,
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1.01
2 +1.

2 +1( )2 = 4
2 + 4 +1 = 4 +1( ) +1.

-

+1( ) = 2 ,

2 +1( )2 = 4 +1( ) +1 = 4 2 +1 = 8 +1.

1.02 -

2 + x + 5 = 7 + x

x = 2, -

225,

1.03

p
q
r
s

p, q, r, s
, , , -

-

-

p r.

q r.

-

-

-

p r( ) q r( ) .

p q( ) r.

p q( ) r s.

1.04

.

( ) ( )

( ) .

x
x ( )( )
x ( )
x x x( )
x x( ) x x( )
x( ) x( )
x( ) x( )

x ( ) ( )( )

1.05
= + , 0 < .

-



= 0 = 3 11+ 0 = 33

= 1 = 3 11+1 = 34

= 2 = 3 11+ 2 = 35

1.06 -

-

M = 2
1
+1, = 3

2
+1, = 4

3
+1,

= 5
4
+1, = 6

5
+1, = 7

6
.

1 = 2, 1 = 3,

1 = 4, = 5, = 6.

1

. . . 2, 3, 4, 5, 6( ) ,

1 = 60 = 60 +1.

-

-

= 5, -

= 60 5+1 = 301.

1.07
,

+1, + 2,

+ +1+ + 2 = 27, 3 + 3 = 27,

3 = 24, = 8.

3
5 = 243. -

+ + 1 + + 2 = 243,

3 = 240 = 80.

1, , +1

1( ) + + +1( ) = 3 ,

1( ) + + +1( ) = 3. -

-

+1

+1( )2 2 = 2 + 2 +1
2 = 2 +1

2 +1,

. . . 12, 30, 54( ) = 6.

= 2

A =
2

2

2

2
1

2

:

3 2

2

2
= 1

3

2

:
1

4
= 2

3

4

1
= 8

3

= 3

A =
2

3

2

3
1

2

:

3 3

2

3
=

1

2

5

2

:
0

3
= 1

5
: 0

-

= 8

3
.

1.10 -

-

x 2
2x 3, -

x 2
2x 3 = 0.

= 2
4 = 2( )2

4 1 3( ) = 4 +12 = 16,

x
1
= ( 2) + 16

2 1
= 2 + 4

2
= 6

2
= 3,

x
2
= ( 2) 16

2 1
= 2 4

2
= 2

2
= 1.

x +1

x 3( ) x +1( )
1

x 2
= 0,

x 3( ) x +1( ) 0 x 2 0.

x 3 0, x +1 0,

x 2 0, x 3, x 1, x 2,

x 1, 2, 3.

. . . μ = x 3( ) x +1( ) x 2( ) .
-

x +1( ) x 2( ) x 3( ) x +1( ) = 0.

x +1

x +1( ) x 2( ) x 3( )[ ] = 0

x +1( ) x 2 x + 3( ) = 0

x +1 = 0, x = 1.

x 1, 2, 3, x = 1



1.11 2 + 3 +1( )2

1 = 2 + 3 +1( )2

1
2 =

= 2 + 3 +1+1( ) 2 + 3( )
= 2 + 3 + 2( ) 2 + 3( )

2 + 3 + 2

2 + 3 + 2 = 2 + + 2 + 2 =
= +1( ) + 2 +1( ) = +1( ) + 2( )

2 + 3 +1( )2

1

= +1( ) + 2( ) + 3( ) =
= +1( ) + 2( ) + 3( ) .

1.12 21

5
< 42 < 21

4

42

10
< 42 < 42

8
8 < < 10,

-

= 9 + 5 4 + 9( ) + 3 9 4( ) +1925 = 2014.

1.13 4 < 1 2 < 5,

5 < 2 < 4,

2,
5

2
> 2

2
> 4

2
,

5

2
> > 2.

= 1 = 2.

= 1

2 x +1( ) 3

2
x +1( ) < x,

2x 3x
2

x < 3

2
2 x > 1.

= 2

2 x +1( ) 3

2
x +1( ) < x

2
,

1

2
x +1( ) < x

2
, x +1 < x. x x < 1,

0 x < 1,

x > 1.

1.14

17 12 2 = 3 2 2( )2

, 3 2 2 = 2 1( )2

3+ 2 2 = 2 +1( )2

.

17 12 2 + 3 2 2 + 3+ 2 2 =

= 3 2 2( )2

+ 2 1( )2

+ 2 +1( )2

=

= 3 2 2 + 2 1+ 2 +1 = 3.

1.15

x x 2 +1,

x x 2 +1( ) x + x 2 +1( ) y + y 2 +1( ) =
= x x 2 +1( ) .
x 2 x 2

1( ) y + y 2 +1( ) = x x 2 +1.

1( ) y + y 2 +1( ) = x x 2 +1.

y + y 2 +1 = x 2 +1 x (2)

y y 2 +1,

x + x 2 +1( ) y + y 2 +1( ) y y 2 +1( ) =
= y y 2 +1( ) = x + x 2 +1( ) y 2 y 2

1( ) =
= y y 2 +1.

x + x 2 +1( ) 1( ) = y y 2 +1,

x + x 2 +1 = y 2 +1 y (3).

y + y 2 +1 x 2 +1 + x = 0 (4),

x + x 2 +1 y 2 +1 + y = 0 (5).

2x + 2y = 0, 2 x + y( ) = 0, x + y = 0.

1.16
( ) + ( ) + ( ) =
= + + = 0.  

= ( )3 + ( )3 + ( )3 =
= 3 ( ) ( ) ( ) .

1.17
xyzw = 1000x +100y +10z + w



w = 0

z = 0

y = 1

x100, x124, x148, x500, x524, x548

-

+ 2 +
2
= 0,

+
2
= 2 , +

2

2

= 4
2
.

+ 2 =
2

, + 2( )2 =
2

4
.

A = 2 +
2

2

+ 2( )2 =

2
4

2

2

4
= 2 2 2 = ( )2 = 100.

+ + = 0 = = ,

3 + 3 + 3 = 3 .

2( ) + 2( ) + 2( ) = 0,

= 2( )3+ 2( )3+ 2( )3=
= 3 2( ) 2( ) 2( ) .

1.20
1 + 1 + 1 = + + = 2 2 2

-

2 2 +1( ) 2 2 +1( ) 2 2 +1( )
2 2 2 = + + ,

2
,

2 2 2

2
= + +

2

2 2= + +
2

2 2 +1 = + +
2

+1

2 2 +1 = + + + 2

2

2 2 +1 = + + + 2

2
=

=
+( ) + +( )

2
=

+( ) +( )
2

2 2 +1 =
+( ) +( )

2

2 2 +1 =
+( ) +( )

2
.

= 2 2 +1( ) 2 2 +1( ) 2 2 +1( ) =
=

+( ) +( )
2

+( ) +( )
2

+( ) +( )
2

=
+( )2 +( )2 +( )2

2 2 2
=

=
+( ) +( ) +( )

,

1.21
 
= 90°, -

2 = 2 + 2
.

= 3 + 3 + 3 = 3 + 2 + 3 =

= 3 + 2 2( ) + 3 = 3 + 3 + 2 2( )
= 3 + 3 + 2 2( ) =

= +( ) 2 + 2( ) + ( ) +( ) =
= +( ) 2 + 2 + ( )
= +( ) 2 + 2 2 +( ) =

= +( ) 2 + + 2 2( )
= +( ) +( )+ +( )( ) +( )[ ]=

= +( ) +( ) + ( )[ ] ,
= +( ) +( ) 2( ) .

1.22

-

2222 = 7 317 + 3

5555 = 7 793+ 4.

= 2222
5555 + 5555

2222 =
= 2222

5555+ 4
5555

4
5555+5555

2222
4

2222+ 4
2222=

2222
5555 + 5555

2222 = 2222
5555 + 4

5555( ) +
+ 5555

2222
4

2222( ) 4
5555

4
2222( ) =

= 2222 + 4( ) 2222
5554 …+ 4

5554( ) +
+ 5555 4( ) 5555

2221+…+4
2221( ) 4

2222
4

3333
1( )=

= 2226 2222
5554 …+ 4

5554( ) +
+ 5551 5555

2221+…+ 4
2221( ) 4

2222
4

3333
1( ) (1).



4
3333 = 4

3( )1111

,

4
2222

4
3333

1( ) = 4
2222

4
3( )1111

1
1111 =

= 4
2222

4
3( ) 1 4

3( )1110

+…+1
1110

.

= 7 318 2222
5554 …+ 4

5554( ) +
+ 7 793 5555

2221 +…+ 4
2221( )

4
2222

63( ) 64
1110 +…+1( ) ,

= 7 318 2222
5554 …+ 4

5554( ) +
+7 793 5555

2221+…+4
2221( ) 4

2222
7 9 64

1110+…+1( )
= 7 318 2222

5554 …+ 4
5554( ) +

+793 5555
2221+…+4

2221( ) 4
2222

9 64
1110+…+1( ) =

= 7 , ,

= 318 2222
5554 …+ 4

5554( ) +
+793 5555

2221+…+4
2221( ) 4

2222
9 64

1110+…+1( ).
7 | .

2222
5555 + 5555

2222

2 + 2 = +( ) = ( ) μ.

2222
5555+5555

2222= 2222
5555+5555

5555

5555
5555 + 5555

2222
2222

5555 + 5555
2222 =

= 7777 5555
2222

5555
3333

1( ) (1).

5555
3333

1 = 5555
3333

4
3333 + 4

3333
1 =

= 7 + 64
1111

1 = 7 + 7μ = 7 (2).

1.23

n An = n3 + 3n 2 + 5n + 3 =
= n3 n + 3 n +1( )2 = n n 1( ) n +1( ) + 3 n +1( )2

.

n n 1( ) n +1( )

3 n +1( )2

3 | n.

n = 1,
1
= 12 = -

3 | n.

n+1
= n +1( )3 + 3 n +1( )2 + 5 n +1( ) + 3 =

= n + 3 n 2 + 3n + 3( ) , -

3 | n+1
.

An = n3 + 3n 2 + 5n + 3

n *
.

1.24 -

x y -

x y
2x 2

p

p -
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